Abstract-We present an exact theory for modelling modes of generalised defects in 2D photonic crystals with a truly infinite cladding. We build on our fictitious source superposition method for simple defects and outline an elegant extension to model arbitrary defects. Results are presented for 2D and 3D, demonstrating the method's accuracy, efficiency, and ability to handle difficult cases of highly extended modes near cutoff.
To date, the modelling of defect modes in imperfect periodic structures has been undertaken using techniques that assume a finite structure-either explicitly, or implicitly, as in supercell methods which periodically replicate a finite structure. While such methods work well for strongly confined modes, difficulties arise when the mode becomes extended or poorly confined, such as near cutoff. In such cases, the computational requirements of modelling a sufficiently large structure can be overwhelming or lead to inaccurate results. To handle problems of this type, we have developed an exact theory [2] known as the fictitious source superposition (FSS) method for computing defect modes in a genuinely infinite 2D lattice and have applied it to the study of the long-wavelength behaviour [3] of microstructured optical fibres (MOFs). Not only does our approach handle MOFs with an infinite cladding, but also it is computationally more efficient than other techniques when the size of the structure becomes large. While our original treatment [2] of the FSS method was a useful tool that helped resolve the controversy about the existence of a cutoff of the fundamental mode in a MOF [3] , it was restricted to modelling only simple defects, i.e., a single defect in a single row of scatterers. The purpose of this paper is to extend the theory to accommodate arbitrary defects comprising compound defects (i.e., with a multiplicity of cylinders removed or modified) in multiple rows of an infinite photonic crystal [4] .
The FSS method is based on three essential ideas: the first is the use of a fictitious source to tailor the exterior field so that a scatterer appears to have optical properties that are quite different to those it possesses in reality. To construct a defect, for example, the exterior field of an isolated cylinder must appear as if no radiation emanates directly from the cylinder. While this is straightforward in the case of an isolated cylinder, its extension to an infinite lattice requires the formulation of the defect mode as a superposition of quasiperiodic field problems-the second of our key ideas. To see how this works, we introduce exterior and interior expansions of the field in the vicinity of each scatterer j:
where (ρ, θ) = r − r j . The {b j } characterise outward radiation from cylinder j, while the {a j } define the regular (nonsingular) field, comprising radiation incident on the cylinder from all exterior sources. Correspondingly, the regular part of the interior field is characterised by the {c j }, while the coefficients {q j } represent the fictitious sources used to tailor the external field.
In each cylinder of the lattice, we embed a fictitious source q j = q exp(ik 0 ·r j ), thus constructing a quasiperiodic field problem from the phased array of sources. The Rayleigh (field) identity a = S A b then follows by noting that the regular part of the field in the vicinity of any cylinder is due to outgoing radiation from all other cylinders, with their interrelationship encapsulated in the Toeplitz matrix of array lattice sums S A = S A nm where S A nm = S A n−m , with
The continuity conditions satisfied by the field at each cylinder interface have the form b =Ra+T q and these together with the field identity allow us to deduce that
We may now construct the mode, removing the cylinders at a finite number of lattice points r sm where s m ∈ S, by introducing the compound source q = m q m e −ik0·rs m and noting that, in each cylinder, q j = m e ik0·(rj−rs m ) q m , and b j = m Z(k, k 0 )e ik0·(rj−rs m ) q m . By integrating over the 2D Brillouin zone (BZ), it is clear that the averaged fictitious source for cylinder j q j = 0, except for those j ∈ S for which q j = q sm = q m . These sources are then available to tailor the outgoing field, thus generating the defect mode by effectively removing all cylinders j ∈ S. To do so, we set
While we may solve this homogeneous system to calculate the wavenumber k of the defect mode, and subsequently construct the mode profile from the null space ofZ, the calculation of the 2D superposition integral is a heavy computational burden, comparable to that experienced in supercell methods. To overcome this problem, we introduce our third key idea, namely a reformulation so as to require only a single integration in the superposition process.
To do this, we conceptualise the structure as a grating stack, introducing an array of fictitious sources into the layers in which defects are to be constructed. The layers containing the fictitious sources are sandwiched between semi-infinite photonic crystals which act as end mirrors since the entire structure is operated in a bandgap. The mirror properties are characterised by a Fresnel reflection matrix R ∞ [5] , the use of which is crucial in that it encapsulates the second dimension of the BZ, thus eliminating one integration. Accordingly, following the treatment of Ref. [4] we reformulate the diffraction problem in terms of coupled grating layers and derive an expression
which relates the multipole source coefficients b to the fictitious sources q. The defect mode is then generated by solving the homogeneous system Z(k) q = 0, in which the average is computed by an integral over the 1D BZ,
While the theory models an infinite system, the truncation of the BZ integral to a finite sum in the numerical implementation leads to characteristics that resemble those of a supercell method. However, since this supercell is one-dimensional, it can be made arbitrarily large without incurring the computational penalty that afflicts the usual (2D) supercell methods, thus making the method both highly accurate and very efficient.
We turn now to the validation and demonstration of the technique, beginning with the calculation of cavity modes in a complex structure, the basic geometry of which derives from a square lattice of cylinders of normalised radius a/d = 0.2 and refractive index n i = 3 in a background of refractive index n e = 1. From this, we remove four cylinders in a square pattern and compute the modes in two ways: the first by removing two cylinders in two adjacent rows, and a second way in which we regard the structure as a triangular lattice, removing four cylinders that span three rows. Using the first method in the case of E polarisation, we find that the structure has two degenerate modes with a resonant frequency of d/λ = 0.396354377, that are shown in Figs 2(a) and (b). We next use the alternative approach of Fig. 3 in which the structure is treated as a triangular lattice with four cylinders spanning three rows removed. While this, of course, must yield the same degenerate pair of modes, the computational scheme is entirely different and, as such, the comparison of these results with those of Fig. 2 is a genuine test of the method's robustness and accuracy. In this case, we find the resonant frequency to be d/λ = 0.396354309, which is the same as previously, to seven significant figures. The two orthogonal modes computed by the FSS method are shown in Figs. 3(a) and (b) , and by taking appropriate linear combinations, we recover in panels 3(c) and (d) the plots of Figs. 2(a) and (b) . While these results validate the method, they do not demonstrate the real strength of the FSS approach in handling the truly difficult cases in which the usual supercell methods fail. In Fig. 4 we show a poorly confined defect mode near the edge of the band gap which, because of its highly extended nature, makes it impossible for standard (supercell) methods to achieve the same accuracy. In this example, we consider the same square lattice as in previous examples but this time reduce the refractive index of the central cylinder to be n defect = 2.7. Using truncated multipole expansions that include harmonics up to order N J = 6, and with plane wave expansions including diffraction orders −3, −2, . . . , 2, 3 [2] , a Gaussian integration with N = 40 points allows our prototype FSS method, written in Mathematica and using MathLink to access a Fortran routine to compute the scattering matrices, to find the defect mode of Fig. 4 , for a normalised frequency of d/λ = 0.32083778154, in less than 3 minutes on a standard 3.0 GHz Pentium 4 system running Microsoft Windows XP. Convergence tests have demonstrated that the result is accurate to the 11 significant figures shown. While the mode can be located by a supercell method, such as the commercial RSoft BandSOLVE software in comparable time, it is not possible for it to achieve nearly the same accuracy. A comprehensive discussion of these matters is presented in our earlier paper (Wilcox et al., [2] ).
In conclusion, we have discussed a major extension of the Fictitious Source Superposition method so that it can deal with extended defects, rather than just simple point defects. In this extension of the theory, the advantages of the original treatment remain: it allows for the modelling of structures with a genuinely infinite cladding, making the use of a supercell unnecessary. We achieve this by starting from a truly periodic, and hence infinite system, and inserting fictitious sources in the inclusions in order to change the properties of a finite number of them. Though here the fictitious sources were used to remove some inclusions completely, it is equally possible to change the properties of these inclusions more generally, for example changing their refractive index, or radius. Our presentation will outline the theory and implementation of the method and will focus on a range of examples that validate its use and which demonstrate its effectiveness and accuracy. Our presentation will outline the theory and implementation of the method and focus on a range of examples that validate its use and which demonstrate its effectiveness and accuracy.
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